Wavefront engineering is an important quantum technology, often applied to the production of states carrying orbital angular momentum (OAM). Here, we demonstrate the design and production of robust C-shaped beam states carrying OAM, in which the usual doughnut shaped transverse intensity structure of the vortex beam contains an adjustable gap. We find that the presence of the vortex lines in the core of the beam is crucial for maintaining the stability of the C-shape structure during beam propagation. The topological charge of the vortex core controls mainly the size of the C-shape, while its opening angle is related to the presence of vortex-anti-vortex loops. We demonstrate the generation and characterisation of C-shaped electron vortex beams, although the result is equally applicable to other quantum waves. C-shaped electron vortex beams have potential applications in nanoscale fabrication of planar split ring structures and three dimensional chiral structures as well as depth sensing and magnetic field determination through rotation of the gap in the C-shape.
Structured quantum waves with a patterned phase or intensity distribution are of theoretical and practical interest in emerging quantum technologies. An important subset of structured waves are vortex beams. These are waves endowed with a phase singularity around which there is a linear azimuthal phase ramp. The phase singularity is known to be associated with the property of orbital angular momentum (OAM) carried by the beam [1, 2] , which has given rise to prominent applications including nano-manipulation of particles [3] , OAM entanglement [4] , and multiplexed data transfer [5] . Vortex beam states were initially discovered as dislocations in ultrasonic acoustic waves reflected from a rough surface [6] . Later the same physical concept was transferred from classical wave phenomena to photon waves by Allen et al. [1] . Recently, electron matter waves have been shown to also support vortex states [2] . These have currently been produced inside transmission electron microscopes using various methods including amplitude diffraction masks [7] [8] [9] , phase masks [10, 11] and magnetic needles [12] . Most of the recent researches have focused on electron and optical beams, however there has also been investigation of other types of beams with phase vortices such as X-ray vortices [13] and atom vortex beams [14] . Research in vortex beams has also stimulated interest in other types of structured quantum waves such as Airy beams which have an interesting 'self-accelerating' property [15] . It is clear that there is opportunity to explore more variation of shaped beams. The characterisation of these beams as well as their interactions with matter would greatly enrich our understanding of the nature of quantum physics with potential for practical applications.
Here we focus on the controlled formation of C-shaped vortex beams which have many useful characteristics and applications distinct from those in the case of beams with a circularly symmetric intensity distribution [9, 16] . For example, non-zero orbital angular momentum in a beam devoid of cylindrical symmetry is itself of fundamental interest. In addition, a C-shaped beam can be directly used in lithography to produce shaped nanostructures, such as split ring structures used in metamaterials research [17] , without the need to scan the beam. Successfully producing a split ring structure with a well defined and controllable gap is crucial for investigations of split-ring resonator metamaterials where the local field enhancement could be the largest in the gap (for example [18] ). We point out that our C-shaped vortex beam could be applied to fabrication of three dimensional chiral structures [19] . C-shaped beams also have applications in atomtronic quantum interference devices [20] and, for the electron vortex version, in the sensing of the Gouy phase and applied magnetic fields [21] [22] [23] [24] .
We begin by introducing an analytically defined phase mask function used to generate C-shape vortex beams whose opening gaps can be continuously tuned from zero. We attribute this to the presence of vortex lines threading its core, which also enhances the robustness of the C-shaped beam against the break up of the intensity pattern during propagation in free space. We show here that it carries a well defined OAM despite not having a circularly symmetric cross section. Finally, we discuss the application of such C-shaped electron vortex beams in nanostructure fabrication.
The phase structure needed to be imprinted onto an incoming plane wave such that a C-shaped vortex beam can be produced by a focusing lens has a very simple form:
where l and c are adjustable constant parameters, φ (= tan −1 (−x/ − y)) is the azimuthal angular variable in cylindrical polar coordinates andρ = ρ/ρ max where ρ is the radial variable and ρ max is a scaling parameter. Experimentally an aperture is required, defining a cut off radius for the function, in this paper we choose ρ max to be equal to the A c c e p t e d M a n u s c r i p t A c c e p t e d M a n u s c r i p t and azimuthal phase gradients. A similar phase function, when defined over the azimuthal interval between 0 and 2π, has previously been shown to produce a spiralling intensity pattern [29] [30] [31] . By defining the phase function over the azimuthal interval between -π to π we produce a beam with a symmetric opening in the far field diffraction pattern. The size of the phase jump at the azimuthal phase discontinuity is now also a linear function of the radial coordinate (see Fig. 1 ). The opening due to the phase discontinuity is now much more clearly defined when compared with the results produced by the fractional vortex beams. This is associated with a high density packing of local vortex and anti-vortex components in the phase pattern of the far field diffraction as in Fig. 1 (vi) . As the singularities in phase vortices are associated with regions of darkness, a high density packing of phase vortices is required for an extended dark region, an essential requirement for a C-shaped beam with a large opening. The control over the characteristics of the C-shaped beam is realized by varying the ratio l : c, thus changing the relative importance of the term involving fractional topological charge (proportional to l) [25, 26, 32] with respect to the term involving radially dependent phase gradients of σ (proportional to c, as seen in optical twists [33] ). An analysis of the computed phase distributions of the resultant C-shaped beam ( Fig.1(vii-ix) ) shows that it still retains an overall topological charge at the centre, as one would expect from a regular vortex beam. In addition, the beam also possesses other phase vortices of both signs distributed over a finite area along the line bisecting the gap region. The density of vortex and anti-vortex pairs is higher than that in the case of the fractional vortex beams and this density is adjustable. As the value of c increases, the phase distribution at the focal plane shows a gradual stacking of vortex-anti-vortex pairs into a grid like collection (similar to that shown in Fig.1 (vi) and (ix)), producing a clear opening of increasing size. This occurs through the displacement of the isophase lines ( Fig.1 ii,v,viii) for larger c where similar phase lines are seen to occur at larger angles to the negative x axis (upper isophase lines moving 'clockwise' and lower isophase lines moving 'anticlockwise') (see supplementary material for animation).
By controlling both parameters, namely l and c, for a given ρ max , one can alter independently both the size (D) and the opening angle (2α), of the C-shape. D is defined as the intersection of the peak intensity of the C-shape arc with the negative x-axis in reciprocal space and α is the angle between the reciprocal space x-axis and the line linking the reciprocal space origin to the ends of the C [34] .
To characterise the vortex beams produced by our analytical phase function (1) we can look at the C-shape produced with parameters l = 7.91 and c = 2.09. These values were chosen as a compromise between producing a large enough D and α to have a well defined arc and an experimentally visible opening whilst requiring a hologram mask which can be feasibly milled with a focused ion beam (FIB) . The simulated results with these parameters can be compared with another beam, also with a C-shaped intensity distribution. Following [11, 35] , we use an Iterative Fourier Transform Algorithm (IFTA) to find a suitable mask. We have carried out an IFTA calculation involving 2000 iterations with a C-shaped target intensity distribution and the results are shown in Fig, 2 .
Although the intensity distribution of both beams have the overall C-like shape as required, there are some significant differences in the finer details. These details can be traced to even bigger differences in the phase structures, as our C-shaped beam contains a well defined vortex structure at the beam center while the phase structure of the IFTA generated beam contains far more numerous off-axis vortex lines (as shown by the red lines in Fig.2 (ii) ) but also that many of these vortex lines are loops, a feature characteristic of the speckle pattern seen in Fig.2(iv) . For clarity we shall refer to our C-shaped beam as the 'vortex C-beam' and the focused beam generated by the phase mask found via the IFTA as the 'non-vortex C-beam'. It is important to keep in mind that the IFTA is only tasked to design a structured beam intensity in the focal plane.
The importance of a well-defined vortex structure at the beam centre can be highlighted by comparing the propagation of our vortex C-beam with that of the non-vortex C-beam. This is studied numerically by applying a Fresnel propagator analysis [36] to the wavefunctions of the focused beams. We can see that a collection of simple phase singularities propagates along the axis of the C-shaped vortex beam (blue lines in Fig.2(iii) ). The combined effect of this and nodal line loops at larger radii, creates the C-shaped illumination with opening seen in the green volume of Fig.2 . Correspondingly away from focus the C-shaped intensity gradually becomes more spiral like, however it still maintains a high intensity arc with a gap. Thus the C-shaped intensity distribution of the vortex C-beam is quite robust against beam propagation around the focal plane. By contrast, the C-shaped intensity of the nonvortex C-beam breaks apart very quickly from the focal plane. This is shown in Fig.2(iv) where the green volume encloses regions of high intensity. The slow rotation of the gap direction in the vortex C-beam as a function of beam propagation distance away from the focal plane can be attributed to the Gouy phase change at the beam waist [24] . These results agree with previous findings that vortices of the fractional OAM are split into multiple |l| = 1 phase singularities and show intensities which distort and rotate as a function of distance [27] . It has been previously shown that fractional vortex beams can be synthesized to only show rotation but maintain the shape of the intensity as the beam propagates. This was achieved by the use of a radial quantum number such that the Gouy phases of individual contributions compensate to produce a uniform Gouy phase [27, 37] . There is the potential that application of such Page 3 of 9 AUTHOR SUBMITTED MANUSCRIPT -NJP-105842. R3   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t contribution from the mixed phase term (proportional to c ) is to cause a shift of the barycenter of the beam away from the beam axis. The mask plane OAM content is equal to OAM content of the C-shaped beam which is the result of performing the expectation value integration numerically in the Fourier plane, indicating the conservation of OAM content in a Fourier transforming lens system. This conservation is also shown when comparing the Fourier plane numerical and mask plane analytical expectation OAM values for C-shapes with different opening angles. A plot of the predicted OAM for different opening angles is shown in Fig. S2 in the supplementary material. The OAM content of the non-vortex beam is negligible by comparison, as expected.
To investigate the nature of the OAM content of the vortex C-shaped beam as well as the non-vortex C-shaped beams further, an OAM mode decomposition procedure has been performed on the wavefunctions of these types of beams when considered at the focal plane (as shown in Fig.2v and vi) , in terms of the spiral harmonic basis. The procedure follows the method put forward by Molina-Terriza et al. [38] . With its simple vortex structure at the beam axis, the vortex C-beam has a chiral phase structure and a narrow OAM mode distribution centred around l = 9 as shown in Fig.2v . We expect very negligible contributions to the OAM measured on the beam axis from the off-centred vortices as the wavefunction has negligible amplitude there.
The non-vortex C-beam, however, shows an OAM distribution with a much wider range and has a much smaller net OAM of 1.6h. This shows that the vortex C-beam has clear advantages in applications where OAM is desired, such as in particle manipulation experiments [39] [40] [41] . In pure vortex beams, the OAM of the beam is associated with probability current density which circulates the propagation axis and is connected with the cylindrical symmetry of the transverse structure. The existence of a net OAM content in a non-symmetric intensity distribution is non-trivial but can be understood as a quantum mechanical effect due to the coherent superposition of several OAM beam states such that the local intensity minimum is the result of destructive interference between different OAM modes.
Our results are applicable to all beams that can be described by scalar quantum waves. In our analytical approach, we have neglected the electron spin and the spin-orbit coupling which will be significant at relativistic energies and for electron lenses of high numerical aperture. These assumptions are justified by our experimental conditions used to study C-shaped beams. In the following, we present an experimental demonstration of a C-shaped beam inside a transmission electron microscope. Whilst in this case electrons were used the results are equally valid for the shaping of wavefronts of different quantum waves such as electromagnetic and other matter waves, under paraxial conditions. We chose to encode our desired phase structure to an incoming plane wave by passing the latter through a binary computer generated hologram mask. The hologram (see Fig.3(iii) ) is generated by the well known method of interfering the required quantum wave defined in Eq.2 with a reference plane wave [7, 9] . The hologram was designed to produce a vortex C-beam with an opening angle 2α = 45 o , by setting l = 7.91, c = 2.09. The size of the focused vortex beam is given by D = 10λ/2πρ max , where λ is the wavelength of the electron beam. The binary hologram pattern was then transferred as a thickness profile using focused ion beam (FIB) milling, onto a silicon nitride membrane of 200 nm thickness, covered with a 50 nm thick Pt/Pd alloyed layer. A part of the Pt/Pd layer is removed to define a circular aperture of radius ρ max = 2µm and the mask pattern is employed to direct the FIB milling to create the desired thickness variation of the remaining silicon nitride films inside the defined aperture. Energy filtered transmission electron microscopy (EFTEM) analysis provides the maximum and minimum bar thickness as roughly 1.6 and 0.8 mean free paths. Using an approximate mean free path of 100 nm [42] this gives 80 nm to 160 nm and so 40 nm was removed when milling the circular aperture and the mask has a groove depth of around 80 nm. This agrees well with AFM measurements done on similar samples which showed approximately 45 nm of silicon nitride removed when milling the aperture circle and groove depths of 50 nm to 70 nm. As the total sample thickness of the mask is less than 200 nm , it is reasonable to neglect absorption as a first approximation and the resulting structure, when illuminated by a coherent electron wave, acts as an apertured binary phase mask due to interactions with the mean inner potential of the film [11, 43] .
The mask is placed in the sample plane of a JEOL 2200FS transmission electron microscope and the Fourier transform of the beam wavefunction (2) is observed as the diffraction pattern of the computer generated binary mask using the intermediate lens of the microscope as the focusing element. Fig.3 (ii) displays one of the first order far field Fraunhofer diffraction patterns of the mask (Fig. 3(i) ) using an operating voltage of 200 kV (λ = 2.5 × 10 −12 m). The 'free lens control' of the JEOL 2200FS was used to collect a series of images of the focused probe, by varying the voltage on the current driver of the first intermediate lens (IL1) between 2.5V and 3.5V . This moves the cross over point (focal plane) before or after the imaging plane (see dot-dashed and dashed orange lines in 3 v respectively) of the projector lens of the microscope. In this way the beam intensity pattern at different defocus distances were recorded using a charge coupled detector (CCD) camera.
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In addition, the rotation of the C shaped beams can be used for depth sensing and in magnetic field determination. Greengard et al, [47] have shown (in the case of optics) that Gouy phase induced rotation of the point spread function can be used to determine the vertical position of the imaged feature more sensitively than the depth of focus method because of the linear dependence of the rotation on the defocus distance. Similar linear dependence can also been seen, for our electron C-shaped beam, in Figure 2 (iii) and 3(v) . This then gives rise to the possibility of depth determination from atoms to nanoparticles by electron microscopy by placing our phase mask at the imaging lens aperture plane. The determination of the spatial distribution of the strength of the longitudinal magnetic field component using Larmor rotation [24] is another possible area of application using our C-shaped focused beam. Although the general principle has been demonstrated by using C-shaped beams created by inserting a beam blocking knife edge into the path of a pure vortex beam, our C-shaped beam does not need such additional mechanical intervention, hence can be more flexibly applied. For example, when used in a scanning transmission electron microscopy setting, it can map out the spatial variation of the magnetic field components.
In summary, we have shown how a simple analytical phase mask function can be used to produce a C-shaped beam embedded with a vortex structure at its centre. Such a shaped quantum wave has an adjustable opening angle due to the high density of vortex-anti-vortex pairs because of a radially dependent non-integer 2π phase discontinuity. We have demonstrated that the structure of the intensity distribution of the C-shape vortex beams generated is more stable as the beam propagates than a non-vortex beam found by the simple application of an iterative method. Analysis shows that this robustness stems from the presence of the threading topological structure at the core of our C-shape. This stability upon propagation of an intensity distribution other than a ring highlights the potential for future research on the stabilisation of other intensity distributions by an arrangement of phase vortices.
There are many possible applications of such C-shaped electron vortex beams. For example in holographic lithography, it can lead to complex two dimensional patterning and three dimensional nanostructure fabrication in nanoscale. These include creating split ring nano-structures used in metamaterials or three dimensional chiral metallic plasmonic structures. Potentially, the C-shaped beam can also be used for depth sensing and magnetic field measurement through rotation of the gap in the C-shape.
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